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ON THE ORDER OF CONVERGENCE
OF GREEN’S FUNCTION METHOD
FOR FIFTH ORDE TWO-POINT BVPs
WITH MODIFIED ARGUMENT

Alexandru Mihai BICA, Remus-Nicolae PELLE

Abstract

The main task of this work is to establish the order of convergence of
Green’s function method for solving fifth order two-point boundary value
problems with modified argument. The Picard-Green iterations are combined
with the corrected Simpson quadrature rule on uniform mesh. For obtaining
a smooth numerical solution, at each iterative step a complete quartic spline
interpolation procedure is applied. The convergence of this Green’s function
method is proven showing up the fifth maximal order of convergence. The
algorithm and the obtained theoretical order of convergence are tested on

two numerical experiments.
1

1 Introduction

In this work we establish the maximal order of convergence of Green’s
function method applied to the following fifth order two-point boundary value
problem with modified argument

x® (1) = F(t;x () ;x (7 (1)); t2][0;T]
x(0)= o; X(0)= 15 X*0)= 2 xX*(0)= 3 X(T)= 1

where 7 : [0;T] ¥ [0;T] is continuous and 0 7 (t) t;forallt2[0;T]:

"Mathematical Subject Classification (2010): 34K28
Keywords and phrases: Green’s function method, fifth order two-point boundary value
problems, quartic splines, maximal order of convergence.
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Fifth order two-point boundary value problems are important due to their
applications in the modelling of viscoelastic ows (see [9]). Existence and
uniqueness of the solution of fth order two-point boundary value problems
can be obtained by applying the Banach's xed point principle to the equiv-
alent integral equation.

Various numerical methods were developed for approximating the solu-
tion of fth order two-point boundary value problems involving di erent tech-
niques such as: reproducing kernel in [3], [4], [6] [20], variational iteration
technique in [28] and [32], decomposition and homotopy perturbation meth-
ods in [5], [11], [27], [28], [30], and Galerkin and Galerkin-Petrov methods
in [9], [10], [15], and [31]. The collocation method was applied to fth order
two-point boundary value problems by using polynomial and nonpolynomial
splines in [8], [13], [14], [19], [21], [22], [23], [24], [25], and [26].

The Green function method was developed for solving two-point boundary
value problems with modi ed argument in [1], [16] (with Picard and Mann
iterations), [17] and [18] (with Ishikawa iterations). In [7] we established the
maximal order of convergence of Green's function method applied to second,
third and fourth order two-point boundary value problems with modi ed
argument. In this paper, we prove that the maximal order of convergence
of Green's function method applied to the boundary value problem (1) is
O (h%).

2 Picard iterations and uniform boundedness

Considerf 2 C([0;T] R?») and' 2 C[0;T] be suchthat0 ' (t)
for all t 2 [0;T]: According to [2], the two-point boundary value problem
with modi ed argument

x® (1) = fF(tEx (t);x( (1); t2[0;T]
x(0)= o x%0)= 1; xM0)= o xR0)= 5 x%AT)=
)
is equivalent in C[0; T] to the following Fredholm integral equation
z
x()=g)+ G(s) f(s;x(s);x(" (s)))ds; t2[0T] @

where
_ 1 2 3 4 3.3 2.2
IO= Zrs gz ogr "ttt ottt o
and
8 T 3
3t 9t t4 TS 0 s t T
G(ts) = 3
24 T
2 t* S 0 t s T
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is the corresponding Green's function.

LetD; = f(t;s)2[0;T] [0;T]:s tgandD,= f(t;s)2[0;T] [O;T]:
t  sg be the triangular decomposition of the square [QT] [0; T]. Itis well
known that the Green function is positive, has continuous partial derivatives
on [0;T] [O;T] up to order 3 and the fourth order partial derivatives are
continuous on the trianglesD; and D, being discontinuous on the segment
line t = s. In order to use the Banach's Fixed Point Principle to the integral
equation (2), we de ne the integral operator A : C[0; T]! CJ[O0;T]; by

zZ
AX) () =g(t)+ G(ts) f(six(s);x( (s))ds; 82[0T]: (3)
0
Theorem 2.1. If f is Lipschitzian with respect to the second and to the
third argument having the Lipschitz constants ; > 0, respectively, and

. T5( + .
if I = % < 1, then the boundary value problem (1) has unique

solution x 2 C®°[0;T] and the sequence of Picard iterations(Xy),,y, With
Xo = g, uniformly converges onC[0; T] to x . In addition to this, the iterative

sequences x(kp) , p= 0;5 are uniformly bounded obtaining the estimates
k2N

kT5
X (1) Xk ()] %; 8t2[0;T]; k2N @)
and
X (1) X« (t)i ijk(t) xc 1(t)j; 8t2[0;T]; k2N ; (5

1 !
whereM, = try[ggr]jf (A TOHIGO)IE

Proof. The functions f; g, G, and' are continuous and therefore the integral
z

operator (3) is well de ned. Sincetz%@(] G(t;s)ds =
"o

5

280 with arbitrary

u;v 2 C[0; T] we get

T5( + )
g0
and the integral operator A is a contraction with unique xed point x 2
C[O; T]: After ve times di erentiation in (2) we infer that x 2 C°[0;T] is
the unique solution of the boundary value problem (1). The Banach's Fixed
Point Principle applied to the integral operator (3) gives kI‘|{n kxe xk; =0

kA (u)  A(v)k, ku vk,

and the estimates (4) and (5) follows. The sequence of Picard iterations is
Xo (t) = g(t);

z
X ()= gt)+ G(;s) f(s;xk 1(8):;xk 1( (8)ds; t2[0;T]; k2N

0

(6)
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and by induction we get

Xk () xk 1(®)] '* Ykxy Xk, ;8t2[0;T]; k2N:
SMO

280 " it obtains

Sincekxy  Xok;

5 .
T°M 0 notation

PO ] @ xoO* O] g5y Mo

R; 8t2][0;T]

forall k2 N, whereMy 0 is such thattgr[moa%]jg(t)j = My: Consequently,

txxk@);xk M) 2[0;T] [ RR] [ R;RJforallt2[0;T]; k2 N and

sincef is continuous, will be bounded on the compact set [0T] [ R;R]

[ R;R]. If we use the notation Fy (t) = f (t;xx (1) ; Xk (* (1)), then will

exists M 0 such that jFi (1)j M, 82 [0;T]; k 2 N: Now, since QG
@t

@G d@G

@’ @t are continuous on [QT] [O; T], after three times di erentiating
in (6) we obtain the uniform boundedness of the sequencex{),,y, (X3, n:
(x%9,.,» and becausex?™ (t) = f (txk 1(t);xk 1( (1) = Fe 1(t), the

sequence xl(f’) N will be uniformly bounded too. Finally, by

Zt 3"
s
x)M=d"m+ 1 — f(sixe 1(8)ixk 1 (9)) ds+

0

z 3
T s

T f(sixk 1(8):xk 1(" (s)) ds
t
we get the uniform boundedness of the sequence<(k4) . O

In the casef 2 C*([0;T] R?) similar argument lead to the uniform
boundedness of the sequences),,n, (FO)won: (FPon: (FO%,y; and

FO
k k2N

3 The iterative numerical method

We consider a uniform mesh of [0T] with stepsize h = % n2N and

the knots t; = ih; i = O;n. Taking Xo(t) = g(t); on the knots t;; i = O;n;
formula (6) becomes

ya)
Xk ()= gt)+ G(ti;s) f(sixk 1(8);xk 1( (8))ds; i=1In k2N

@)
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with xx (tg) = o, 8k 2 N . In the computation of the integrals in (7) we
use the corrected Simpson quadrature rule and due to the presence of the
modi ed argument in the third argument of f; at each iterative step we will
use an interpolation procedure. This interpolation procedure is the quartic
spline introduced by Howell and Varma in [12]. It is interesting to observe
that if integrate this spline over a uniform partition of [0 ; T], the corrected
Simpson quadrature rule is obtained.

3.1 The quartic spline and the corrected Simpson
guadrature rule

We consider a partition a= Xg < X1 <:: <X, 1 <X, = bof[a;h and
the quartic spline from [12] has on each subinterval¥; 1;x;]; i = 1;n; the
expression:

S(x)=(1 DA 2)@t+1) y; 1+16t2(1 1)y 1o+

22t 1) 4) yi+ht@ 7@ 2t) m; 1+ ht?@Q tH@E 2t m
A Yi 1t Bi(X) Vi 12+ Ci(X) yit Di(x) mi 1+ Ei(x) m (8)

Xi 1t X
forx 2 [x; 1;x], whereh; = X; Xi 1;¥i 1=2= S 5 W= S(xi);
m; = S°Xx;), and t = % 2 [0;1]: In [12] the local derivatives m;,

i = 0;n; are determined such thatS 2 C?[a; 4 with endpoint conditions
mg = S°%a); m, = S°(b), when S°(a) and S°(b) are available. Therefore,
these local derivatives are obtained by solving the three-band linear system

1 my 1+ —+ 4 m; L Mi+ = > Yi 1 > Yier ¥
hy hi  hix " ha hz hz, °
. 11 11 yi+ 16 Viern 16 Vi 1=d; i=Tn 1
hlz hi2+1 i hi2+1 i+1=2 hlz i 1=2 iy ’
9)

with given mgy and m,. In the case of interpolated functionsf 2 C5[a;
with given f%(a) and f °(b) we can takemy = f%a); m, = f°(b) and the
error estimates are obtained forkS  fk, in[12] and forkS® f%, in[29]
as follows:

5
00 SKi o max (90 x2@H  (0)

and
4

_ _h
i) S max fO X ; x2[ab;

where h = max h;: The constant
i=1n
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is optimal for equally spaced partitions.

In the case of a functionF 2 CP°[a; i interpolated by the quartic spline
S given in (8) on a uniform partition a = Xo <X; <::1<X, 1<X,=Db
of [a; b, if we integrate the spline interpolation formula we get the corrected
Simpson quadrature rule:

Zb b 30
. + X
S(x) dx = (Sma) [7F (i )+16F 225 4+ F (x)]
a i=1
(b &)’ 0 0
sz [F (B Fal (11)
with the remainder error estimate

O I "
Re (PN 230808 7 12

where F® = = max. FO (x) : If F 2 C*a;b with L, Lipschitzian
X2 |a,

fourth order derivative, then in (12) the constant F®  can be replaced
with L4. More precisely, with the use of the Rolle’s Mean Value Theorem
applied to the Hermite type quartic interpolation polynomial H,4 (F) with

+
double knots a and b, and simple knot %) we get

a+b E

F) Ha(F)0i x a’(x b’ > i

+b . :
forall x 2 [a;l]; x 6 a; x 6 aT' X 6 b. Now, it obtains

ya ya ya
atb . Li(b a)°

FO)dx  Ha(F)(x)dx % (x @' B x = dx= =S

a a a

and the corresponding composite quadrature rule on a uniform partition of
[a; 1 will be

z (b a X -
F (x)dx = 30 i:1[7|:(xi 1)+16F % + F (xi)]
2
C A Fow Fo@i+ iRy (F)
6
with R, (F)] 23 La.

23045 -
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3.2 The iterative algorithm

After elementary calculus we getG(t;0) = G(t;T) =0; @(j(t;T) =0;

@
@G, . _ t3(@3t 4T1) :
@s(t’ 0) = > and by using the quadrature rule (11)-(12) to the

integrals in (7), we obtain X (t;) = g(t;);i = 0;n,

h X t; 1+t
X (ti) = g(ti) + 30 [7G(ti;t; 1) Fx 1(t 1) +16G ti;?
j=1
g+t h2t3 (3t; 4T
Fin - 12 L +7G(tity) Fy 1(tj)]+%f(0; 0; 0)* Ru;i;
(13)
with i= 1;n;xy (tg) = g(to) = o, 8k 2 N and the error estimate is
6 5
R ] L _ Tth 8i=Ln 1L k2N: (14)

23045~ 23040

Here, in the hypothesisf 2 C* (G:T] R?), iL is the Lipschitz constant

@ , 4 o T 87
of @¢ (ti sy =
f(tg(t);g(" (1) : Based on the iterative relations (13) and by applying
the de cient quartic spline interpolation procedure (8) at each iterative step,
we arrive to the following algorithm.

Step 0: o (ti) = g(t;);i = 0;nand xk (to) = g(to)) = 0,8k 2 N ;

Step 1: fori = 1;n let

Fk 1(s) ; k 2 N, where Fq(t) =

h X
X1 (t) = g(ti)+ 30 [7G(ti;t; 1) Fo(tj 1)+
j=1

Gatlh o baty

+16G t;; +7G (i) Fo(t)l+

h2t? (3t; 4T
SDEBU_AT) ¢ o0 )+ Ry = Sy () + Ry

14401
and
tio1+ tio1+ T X ti 1+t
X _— = + — 7G 7,t
1 2 g 2 30 j:1[ 2 i1
Lo+t t 1+ o1+
Fo(t; 1)+16G ; Fo ———
o(tj 1) > > 0 >
h2 tiatt O 3 ti 1+t 4T
76 STl E 2 2
2 ol 14407
t| l+t|

0 oi 0)* Rui=S 55— + Ry (15)
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for i = 1;n, with S;(tg) = g(to) = o, and denoteRy; = Ry, 8i = 1;n,

Rii=2 = Ruyi=2, 8i = I;n.
Step 2: Fork 2 N ; k 2, compute in inductive manner

T X : Aoty
X (t) = gt)+ 5o PGt 1) P a(ty 1)+16G 1 ——
=1
oL+t h2t 3t 4T
For ST wre i) Roaas TR0 0 g g

X
+Ryi = g(t) + % [7G(tist; 1) F(t ;S 1(t 1):Sc 1 (t 1))
j=1

o1t
+16G tj; L 12 '

G 1+ 'S 1 G 1+

G oo+t
Sy 1 5 3

5

+7G (4 ) (458 1(4);S 1 (C (G)+

+h2ti3 (3t;  4T)
14401

+Rii = S (t)+ Ryi; i=1n

f

f O o o)t

and
G 1+ = g G 1+t

X T 2

';tj 1 Feoa(ty )+

G+t 1+ o1t
+16G ; F R
2 2 K 2

ti 1+t
+76 1 * 12 Lty Rl ()]

h2 i+t ° 3 o1+ 4T
+ 2 2 f(0; o o)+ Rews =
14401- sy 0y O kii=2 —
it T X it
= v 7G it
9 son |

i=1

> o

f(t ;S 2 (t 1):Sc 1(" (t 1))
ti 1+t tj 1+ tj
+1 ;
6G 5 2

U G ity
;'S
2 <1 2

G oot

7S 1! 5

(16)
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tiat g
+7G —5 it f (S 1(t):S 1( (t))]

3

it i1+t
h2 1T AT g7
2 3 2
+
14401
- t 4+t -
f(0; 0 o)+ Rki=2= Sk 5 + Ryi=2 (17)
for i = I;n, where S, ; 2 C?[0;T] is the quartic spline interpolating the
. ti 1+t . .
valuesSe 1(t)) = o; Sk 1(t);i=Tn; S 1 - 12 L +i= In, which

on [tj 1;ti] has the expresion
Sc1(=(1 )@ 2)@ +1) S it )+
2 DG 4) S+

162(1  )?S,, o L b ovh @ e 2)mé D+
+h 2@ )@ 2)m{, =
ti 1+t
A (1)Sk 1(ti 1)+ Bi(t)Sk 1 — Ci(t)Sk 1(t)+
+Dim P+ Ei()m), (18)
with endpoint conditions
T t
md =S¢ (0= 1, m" =8 (T)= 1,h:H, = hl =
The local derivatives mf(i)l = SY ,(t), i = I,n 1; are computed by
solving the 3-band linear system
1 : 1 5
gMe D m s gm = g (Scat ) Sc i)+
2 t + t 1 t 1 + t . ] i . (19)
+ﬁ S 1 - 2|+ Sk 1 - 2 I :d(kl)l' i=1n
Stopping criterion : For given " > 0 nd the rst number k 2 N for
which o
jSk (ti) Sk 1(ti)j < "; i = 1;n
and stop at this iterative step "k ", taking the values Sy (tj), i = 1;n as

discrete approximation of the solution.
Step 3: Compute the de cient quartic spline interpolating the values

. — tio1+ : — .
Sc(to) = o Sk(ti);i = TIn S - 12 L ;i = I;n with expression
similar to (18) and endpoint conditions S (to) = 1, S ;(ta) = 1. The
local derivatives SY , (t;), i = L,n 1; are computed by solving a linear

system similar to (19).

The discrete approximation of the solution is obtained in formulas (16)-
(17), while the continuous approximation of the solution is the iterated quar-
tic spline given in (18)-(19).
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4 Convergence analysis

In that follows, we obtain the error estimate in the discrete and continuous
approximation of the solution x of (1).

Theorem 4.1. Suppose thatf 2 C5([0;T] R?)is -Lipschitzian and -

Lipschitzian with respect to the second and to the third argument, respectively.

' 5 ' i e )
If* 2CO;TL O " () tforallt2[0T] andif! = — 27— <1
and = T + 17509 E | < 1, then the sequence of quartic
~ 1536 8192 " 6 ' a q

splines (Sk) o n C?[0;T]; given in (18)-(19), approximates the solution
x of (1) and the following error estimates in the discrete and continuous
approximation:

1 KT5M LV The |
480(1 1) 23040(1 )

x () Sk (t)j

T 4CoMh5

b MO - TA T k2N 2
1843201 ) " & (20)
and
p_!
. . 1 KT5M, CoMh® 17509 3
+ + + —
O SO Zge@ 1) T T120 8192 © 6
LIV The T 4CoMhS

23040(1 ) & 1843201 ) ° t2[0;T]; k2N 1)

are obtained. The Lipschitz constantL'V is given in (22).

Proof. The continuity condition f 2 C5([0;T] R?) considered on the com-

pactset[0T] [ R;R] [ R;R]provides the uniform boundedness of the se-

quences of functions E9),, y» (FO,on: (FOon: F N’ and F?
2

k2N’
Since the partial derivatives of the Green function G are continuous on

[0; T] [O; T] up to order three will exist the constants M 1; M,; M3; My4; M5
0, Q1;Q2;Qs O suct that jF2(t)j  My; jFO(t)] My jFOt)]  Mg;
@G

FO0M) My FO (1) Msforallt2[0;T], k 2 N and @s
@G @G @H @K
@3 Qz; @3 Qz: We see that “@s 1; @8 1 and after
elementary computation we get
@ @G @G

@(G(ti;s) Fc 1(s)) =4 (ti;S)FY 1(s)+6 —— @3 (ti;S) FO, (s)+

8

@3

ti;s)F t;
@ (t| S)FOOO (s)+ G(t;; S)|:(4)l (S)+ gK ( iS)Fk 1(8); s

(tus) Fk 1(8); ti s
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obtaining:

iGt:s) G(t:s9 Oijs i; %‘j(ti;s) %ﬁ(ti;s‘b Qs s

giai;s) Cgf;(ti:s% Qs s g‘;’(ti;s) Céi(ti:s(’) is s
and

jFk 1(8) Fix 1(89) Mijs s%; F2.(s) F2.(sH Myjs sY;
FO,(s) FX, () Majs sY; FX(s) FX(sH Majs s9;

FP ) FP.(89  Msjs s§:WeseethatkGk, = max_jG(t;s)j
(t:5)2[0;T ]2
4

1536 and therefore

@ @

@’(G(ti;s) Fe 1(9)) @7$(G(ti;50) F 1(s%)  [BMy+

4
+10QsM; + 10Q;Ma +5Q:My + 51 s =LV js §  (22)

1536
forall 5;s°2 [0;T]; k2 N, i = 0;n . So, the integrated function in (7) has
Lipschitzian fourth order derivative and in (16)-(17), we obtain the estimates
LV TS LV ThS .
JRk;i ] 23040 ' Riii= 2 53040’ i=1n
forall k2 N . By (16)-(17) and (18)-(19) we get
. . - . . T
Xe(ti) Sk(ti)i= Rei ] Rwil+ 5= [7G(tisty 1)
3,
- . ) : : Gty
Pk 1(t 1) F( 1S 1(t 1):Sc 1 (C (5 1)) +16G ti,T
tj 1+t tj 1+t t; 4+t tj g+t
Fklijlzj fijlzj:sklijlzl Sk 1 7'12'
TG (tist) JFe () F (S ()8 1 (NIl
| Rei+ o KOk, 7 o il 1) S 1l 1)
] Reil+ 5= Gk, [7 jxk 1(t; 1) Sk 1(f; 1))+
30,
: . 1+t tj 1+t
7 jxk 1 (@ 1)) S 1( (t 1)j+16 Xk 1 % Sk 1 LZJ
G oot ity

+16 Xy 1 Sy 1

2 2
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+7 Xk 1 () Se 1 (G)i+7 jxe 2 () S 1 (C ()]

L'V Th® T4
+ — + : :
23040 T 1536 Rk 1 kxk 1 S« 1k; ; 8k2N;k 2 (23)
for all i = 1;n; where
Rk 1 =max maxf Ry 15 :i=1;n 1g;maxf Ry 14=2 :i = 1;ng :

In order to estimate kx, 1 Sk 1k; we consider the quartic spline
Sk 1 2 C?[0; T] inspired by (8) and interpolating the values

i1+

X 1(ti 1)) Xk 1 5

N ; k 2. We will estimate kxy 1 S 1k; as follows

, Xe 1) on [ty ;ti]foralli=1n, k2

kxk 1 Sk 1k, Xk 1 Sk, v Sk Sk (24)

By (10) we have

5
Coh5 X(k)l L Cths_

X S 25
k1 Sk, z) 120 (25)
The local derivatives m{” ,, i = T,n 1, of the quartic spline S, ; are ob-
tained by solving the linear system

1— 7 1—5 5

gmﬁl Prmdy ém(klﬂi) = %(Xk 1(ti 1) Xk 1(tiwa))+

2 ti + tin ti 1+t _ 0 . i (26)

+H Xk 1 72 Xk 1 2 _dk 1 i=1In

with mP, =, m", = .
By denoting the vectors:
mer= mPam P ome = mOamit P

de 1= dP;und™ P sde = dPund™ P and observing that for

the matrix D of the linear systems (19) and (26) we havekD k g it

obtains 4
ke mg 4k 3 de 1 dk 1

wherekm, 1 my¢ k= ma m’, m, and

i=1n 1

de 1 Ok 1 = max d, d,.
i=1n 1

_ 21
By (19) and (26) we see that dy 1 dk 1 h Rk 1 and consequently,

7
kme 1 mg gk h Rk 1.
Inorderto estimate Sy 1 S¢ 1 , we observe thatin (18) we haveA; (t)

ity
0;Bi(t) O, Ci(t) OD;(t) OE(t) Ofort2][t g 5 ] and




18 A.M. Bica, R-N. Pelle

0B () OGEH 0D®M) OE® Ofrt2 [
i1+

Sk 1(t) separately on t; i; >

Ai (1)

and thus we will estimate Sy 1 (t)
tiit+§

i1+
and on 5 4oL Fort2 [ty q; ] we get
Sc 1(t) Sk 1(t) J GO jxk 1(t) Sk 1(ti)j+ jA; (1) + Bi (1)
. . ti 1+t ti 1+t
max jxc 1(t 1) Sk 1(ti )i Xk 1 12 Sk 1 12 +
9317

(i 1) (1) (i

DI+ ) maxt mi P m{ P m®, m g Rew oo

. Y
maxf Ry 15 1 ; Rk =2 9+jh (1 )@ 2)] n Rk 1
I

17509  h3 7 o _ 17509, 73 -
8192  « 1 18 h '~ 8192 18 k1

ti 1t

and similarly, for t 2 [ ;t;] it obtains

Sc1(t) Sca(t) JAIM® jxe 1(ti 1) Sk 1(ti 1)+ Bi(t)+ Ci(t)j

t L+t tott .
maxf Xy 1 '12 LS '12 Logixk 1 (t) Sk 1 (ti)ig

D)+ E ) maxdt mé D ml D m®  m® g
!

17509 3 .
8192 18 k1
that is,
17500 © §!
Skl Sk11 @"'? Rkl; 8k2N,k 2: (27)
Now, by (25)-(27) we get
p_!
CoMh5 17509 3
k k + + — R : k2N :k 2
Xk 1 Sk 120 8192 © 6 kii 8 ’
(28)
and by (23) and (28) we obtain in inductive way for k  2;
LV ThS T4 _ LV The
Rai 3040 " 1836 "t K Sk 23040 ©
" [ #!
LT LV Th® =~ CoMh® 17509 E LV The
1536 23040 120 8192 6 23040
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—i#
s T4 , 17509 P3 LV Th® T* CoMh®
1536 8192 6 23040 1536 120 °
_ LV Ths
. + 4+ o+ K1 +
R 1 23040
4 5
T¢ CoMh® L, ke
1536 120
for all i = 1;n. We conclude that
v 5
R " - L™ Th %+
T 17509 3
23040 1 +
3040 1536 8192 6
4 5
T " C oMh a1l
1536 4 2
1201 4 1009, 3
1536 8192 6
foralli = Lnandk 2 N; k 2. Now, with (4) and (28) we get the
estimates (20) and (21). O

Remark 4.2. By the error estimates (20) and (21) we see that

Xk (t)  Sc(t)j = O(h®); 8 = I;n and kxx Sk, = O(h®) for all
k2 N ; k 2 and thus the order of convergence of Green's function method
applied to (1) is O (h®). This order of convergence is maximal because the
fourth order partial derivatives of the Green function are discontinuous on the
diagonal line "t = s" of the square[0; T] [0; T]: Although, the order O (h®)
it is attained because the kernel function in (7) has Lipschitzian fourth order
derivative for all i = I;nand k 2 N .

5 Numerical experiments

We test the theoretical order of convergence stated in Theorem 4.1 and
illustrate the accuracy of Green's function method applied to the boundary
value problem (1) on the following numerical examples.

Example 5.1. Consider the two-point boundary value problem
8

20 0= Ot o KOPX 5 gy X0 1200
x(0)=1; x%0)= 1, x%%0)=2; x%Q0)= 6 x°Q1)= %

(29)

with the exact solutionx (t) = % and taking" = 10 22> we getk = 4 iter-

ations. The convergence is tested fon; =8; n, = 12; nz = 16; ny = 32 (that
is hy = 0:125 h, = 0:08333 h; = 0:0625 h, = 0:03125 and the numerical
results e (hj) = jx (ti) Sk (ti)j, ] = 1,4, i = 0;n;; obtained by applying
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the algorithm (17)-(19), are presented in Table 1. Taking into account the

stepsize sequench; 2 f 0:125 0:08333 0:0625 0:0312%, j = 1;4, and the er-

ror values e, (h;) = max_e (h;); we consider the following expression of the
i=0;

log (en (h4))  10g (& (1))
og(hs) Tog(hy)

log (em (h;)) log (em (hj 1)).
log(hj) log(hj 1) °

for the test of the theoretical order of convergence. The values of the ex-
perimental order of convergence are placed in the last line of Table 1 in the
following repartition EOC (h;); EOC (h3), EOC (hs), EOC,: According to
Table 1, the convergence of the numerical method, presented in (17)-(19) is
con rmed. The theoretical order of convergenceO (h®) stated in Theorem 4.1
is sustained by the numerical results and the experimental order of conver-
gence is approximatelyeOC ' 6:

experimental order of convergencdEOC, =

EOC (h) = j=24 (30)

1€ & (hy) e (hy) e (hs) & (hs)

0 0 0 0 0

0.25 1.766304E-07| 1.569932E-08| 2.618853E-09| 6.117287E-012

0.5 5.307685E-07| 4.513170E-08| 6.983470E-09| 5.624213E-011]

0.75 9.647267E-07| 8.055239E-08| 1.211203E-08| 1.252895E-010

1 1.200715E-06| 9.975670E-08| 1.487224E-08| 1.693390E-010

en (hj) : | 1.200715E-06| 9.975670E-08| 1.487224E-08| 1.693390E-010

EOC: 6.136 6.6158 6.4566 6.3958

Table 1. Numerical results for (29)

The same algorithm (15)-(19) can be applied with small modi cations to
the following two-point boundary value problem

xO® (1) = f (tx (1);x( (©); t2[0;T]
x(0)=co; x°0) = c;; xX%0) = c; x(T)= do; x%T)= di:
(31)
More precisely, in (15) and (16) the sums are constructed foi = 1;n 1,
and the last term is missing. The same maximal order of convergeno® (h®)
can be obtained. This fact is illustrated on the following numerical example.

Example 5.2. The two-point boundary value problem

1 1
xE ()= Sx () + 5e& 9 x(a); t2[01] 92 (0;1) (32)
x(0)=1; x°0)=1; x90)=1; x@Q)=e x(1)=e

has the exact solutionx (t) = €', and taking q 2 f 0:25; 0:5; 0:75g with " =
10 22 we getk = 5 iterations. The convergence is tested again fon; = 8;
n, =12; nz = 16; ny, = 32 and the obtained numerical results are presented
in Tables 2, 3, and 4, forq=0:25, q=0:5, and q= 0:75, respectively. The
theoretical order of convergenceO (h®) is con rmed by the numerical results
from Tables 2-4, and the experimental order of convergencEOC is almost
6.
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ti & (h1) & (h2) & (ha) & (ha)
0 0 0 0 0
0.25 1.633434E-011| 1.436819E-012| 2.559068E-013| 4.000504E-015
0.5 6.552034E-012| 5.786667E-013 1.029943E-013| 1.608588E-015
0.75 1.652870E-011| 1.454557E-012| 2.590855E-013| 4.051219E-015
1 0 0 0 0
en (hj): | 1.811300E-011] 1.689254E-012| 2.988173E-013| 4.681181E-015
EOC: 5.8509 6.0213 5.9962 5.9589
Table 2. Numerical results for (32) with g=0:25
ti & (hy) & (h2) & (hs) & (ha)
0 0 0 0 0
0.25 1.634785E-011| 1.437187E-012| 2.559029E-013| 4.000155E-015
0.5 6.572092E-012| 5.777401E-013| 1.028632E-013| 1.607771E-015
0.75 1.655894E-011| 1.455611E-012| 2.591923E-013| 4.051691E-015
1 0 0 0 0
em (h;): | 1.812749E-011| 1.690270E-012| 2.989093E-013| 4.681429E-015
EOC: 5.8514 6.0223 5.9966 5.9595
Table 3. Numerical results for (32) with q=0:5
ti e (h1) e (hy) & (hs) & (hs)
0 0 0 0 0
0.25 1.634776E-011| 1.437051E-012| 2.558854E-013| 4.000086E-015
0.5 6.565669E-012| 5.774344E-013| 1.028203E-013| 1.607641E-015
0.75 1.655949E-011| 1.455826E-012| 2.592224E-013| 4.051787E-015
1 0 0 0 0
en (hj): | 1.812863E-011 1.690335E-012| 2.989290E-013| 4.681484E-015
EOC: 5.8515 6.0222 5.9967 5.9595
Table 4. Numerical results for (32) with g=0:75
6 Conclusions

By choosing suitable quadrature rule and spline interpolation procedure
we proven that the maximal order of convergence of Green's function method
for the case of fth order two-point boundary value problems with modi ed
argument is O (h®). In this context, the corrected Simpson quadrature rule
and the complete quartic splineS 2 C2?[0; T]introduced by Howell and Varma
in [12] were applied at each iterative step. The maximal order of convergence
O (h®) is theoretically proven by the apriori error estimates given in Theorem
4.1. The above presented numerical experiments con rm this maximal order
of convergenceO (h®).
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Abstract

In this paper, we transform the three-dimensional Shimizu-
Morioka system to a six-dimensional one extending the space from
R® to C3. We study the stability of the equilibrium points of
the new system and discuss some local bifurcations. Also, we
point out some attractors of the new system by performing some
numerical simulations. *

1 Introduction

The Shimizu-Morioka system is a three-dimensional system of rst-order
di erential equations [see Eq. (1)], known to exhibit chaotic behavior under
certain conditions. As noted by the original authors, the system shares a
bifurcation structure similar to that of the classical Lorenz model. However,
it 0 ers greater analytical tractability, enabling the explicit derivation of limit
cycles [8]. Chaotic systems of this type are characterized by the presence of
strange attractors and a strong sensitivity to initial conditions, a hallmark
of chaotic dynamics. Roughly speaking, a strange attractor is an attractor
that, like any attractor, pulls in nearby trajectories, but it di ers by having
a fractal geometric structure.

In [2], the classical Lorenz system is extended fronR® to C2 by treating
the real variables as complex. Using a similar approach, an extended complex

!Mathematical Subject Classi cation (2010): f70H12, 70H14, 70K20, 70K42, 70K44.g
Keywords and phrases: attractor, stability, degenerate bifurcation
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L system was introduced in [7]. In both works, the attractors of the resulting
systems are studied. In this paper, we analyze the extended complex Shimizu-
Morioka model.

The paper is organized as follows. In Section 2, we extend the Shimizu-
Morioka system to the complex Shimizu-Morioka system. As a result, we
obtain a six-dimensional model that will be analyzed in the subsequent sec-
tions. In Section 3, we study the stability of the equilibrium points of the
considered system. More precisely, using the eigenvalues of the linearized at
a hyperbolic equilibrium point, we give its stability. When the equilibrium
point is non-hyperbolic, we point out its instability using computer simula-
tions. Moreover, we discuss some local bifurcations. In Section 4, we point
out some attractors of the studied system.

2 The extended Shimizu-Morioka system

In this section, we extend the three-dimensional Shimizu{Morioka system
to the complex domain by treating its real variables as complex, which leads
to the six-dimensional Shimizu-Morioka model.

The Shimizu-Morioka system considered in our works is given by

8
<

y
x by xz ; (1)
= az+ x?

X
Yy
Z
wherea; b2 R. We change real variables into complex variables, which means
X= X1+ iXo, Y= Yitiys; 2= 21+ izp! @

System (1) transforms into

8

< Xgtixg=yit+ iy
yitiya=X: byt X1zZ3+ Xz + i(X2 by x1Zo X2z1) 1 (3)
Z1+iz2= az;+ X3 X3+ i( az +2X1Xy)

By separating the real and imaginary part of system (3), we obtain the six-
dimensional real-valued Shimizu-Morioka system

8
X1=W1

% Yi=X1 byi X123 + X2
4= ant Xp X ra;b2 R: (4)
X2=Y2

% Yo= X2 by Xizp  Xpzi

T Z = azpt+2x:1X;

We mention that x;; y;; and z; refer to variables related to real parts and
X2; Y2 and z, refer to variables related to imaginary parts. Moreover, the dy-
namics of the initial three-dimensional Shimizu{Morioka system is obtained
by setting the initial conditions x,(0) = y,(0) = z,(0) = 0 (see Figure 1).
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@) (b) (©

(d) (e) ()

(9) (h)

Figure 1: Time series [(a)-(f)] and 3D projections [(g),(h)] of system (4) for a=0:45;
b=0:75; and initial conditions x1(0) = y1(0) = z;(0) =0 :01; x2(0) = y2(0) = z»(0) = 0.
The complex part reduces to the origin.

3 Stability and bifurcations

In this section, we present some local stability results of the considered
six-dimensional Shimizu{Morioka system.

The equilibrium points of system (4) are those solutions of the system
that are constant in time, that is they verify the algebraic system

az +x2 x3=0

y2=0

X2 by, X1z, X;z;=0
az, +2X1X, =0

8

y1=0

X1 byl X121+ X22o =0
% ©)
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We get the next result.
Proposition 3.1. Leta;b2 R.

1. If a< 0, then system(4) has three equilibrium points:

p p

0(0;0;0;0;0;0);E; (0;0;1;" a;0;0);E, (0;0;1, = a;0;0):

2. If a=0, then system(4) has a family of equilibrium points:
E=f(@O;0;M; 0;0;N): M;N 2 Rg:
3. If a> 0, then system(4) has three equilibrium points:
0(0;0;0;0;0;0);, E, "a01,0,00); E, ( P30,1,00,0)

According to the Hartman{Grobman theorem, near a hyperbolic equi-
librium point (i.e., all eigenvalues of the Jacobian have nonzero real parts),
the behavior of the nonlinear system is qualitatively the same as that of its
linearization. Consequently, the local stability of the equilibrium points is
determined by the Linear Stability Criterion, based on the eigenvalues of the
Jacobian matrix evaluated at that point. Speci cally, if all eigenvalues have
negative real parts, the equilibrium is asymptotically stable. Conversely, if
at least one eigenvalue has a positive real part, the equilibrium is unstable
(see, e.g., [6]).

In our case, considering the variablesxs;yi;z1;X2;Y2; Z2; the Jacobian
matrix is given by

2 3
0 1 0 0 0 0
1 z b x1 Z 0 X
_ 2X1 0 a 2%x, 0 0 i
J8 0 0o o o 1 o2 )
Zy 0 X2 1 2z b X1
2X> 0 0 X1 0 a

We now proceed with the stability analysis of the isolated equilibrium points
previously obtained.

Proposition 3.2.  For every a;b2 R the equilibrium point O is unstable.

Proof. The jacobian matrix (6) of system (4) at O is
2

01 0 0 0 O
1 b 0 0 0 O
5.,-80 0 a0 0 0
°"@0 o 0 0 1 O
0 0 0 1 b O
0 0 0 0 0 a

The characteristic polynomial is

P()=( +a* *+b 1)
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with eigenvalues
- a _ b pb2+4_ a b+pb’-+4.
1,2 — v 34— 2 ’ 56 — 2 .
For all a;b2 R; it follows that 5. > 0. Thus, O is an unstable equilibrium
point, as required. O

Proposition 3.3.  For everya < 0; b2 R the equilibrium points E,, and E;
are unstable.

Proof. The jacobian matrix of system (4) at E, and E; are

2 3
0 1 0 0 0 40
0 b o 0 o ‘a
B o o a 23 o o
J(E,) = 0 0,0 o 1 0
9 o3& o b o0
M3 0 o O 0 a
and 2 3
o 1 o0 O 0 .0
0 b 0 o P3
... 8 0 0 a 23 o0 o 1
JED=8 o ¢ 20 0 1 0 1’
0 0o @ oo b 0
P2 0 o O 0 a

respectively. The characteristic polynomial for both equilibrium points is
P()=( ®+(a+Db) ?+ab +2a)2
Thus the eigenvalues will be the roots of the polynomialQ; where
Q()= 3%+(a+b ?+ab +2a 7

BecauseQ(0) = 2a < 0; it results that at least one root is greater than zero.
Thus, the equilibrium points E; and E, are unstable, as required. O
Proposition 3.4. Leta> 0, b2 R:

() If b>0andk?+ ab 2> 0; then the equilibrium points E, and E;
are asymptotically stable.

(i) If a+b Oorb Oor(b>0; ¥+ ab 2< 0); then the equilibrium
points E, and Ej are unstable.

Proof. The jacobian matrix of system (4) at E, and E; are

2
0 1.0 0 0 o0

g bfa o o o0

8 a0 a 0o o0 o
JEI=8 o o0 o0 o 1 50
o o o g bPa

o o o 2’z 0 a
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and 2 3
0 1 9 0 0o o0
9 a 0 0 0
L 2 a 0 a 0 0 0
JED=8 0 0 0o o 1 o 4
o o o o0 b Pa
o o o Za o a

respectively. We obtain the same characteristic polynomial for both equilib-
rium points, namely

P()=( *+(a+b 2+ ab +2a)% (8)

Denote 1; »; 3 the roots of the polynomial Q (7). Clearly, the roots of P
willbe 7= 5= 4 §= 5= 2 §= §= g

We recall the Routh{Hurwitz criterion for determining the location of
the roots of a third-degree polynomial (see, e.g., [1]): All the roots of the
polynomial

Q()= 3*+a *+a +a&

have negative real parts if and only if the following conditions are satis ed:
a;> 0a3> 0, aya, az> 0:

In our case,a; = a+ b, a, = ab, a3 = 2a, then we havea;a, az =

a(t’ + ab 2): By hypothesis, az > 0: Therefore, the conclusion () follows.
For (ii ), using Vieta relations, we obtain:

(1) If a+ b<0orb<0,then Q has at least one root with real part strictly

positive.

2 1fa+b>0,b>0,andl?+ ab 2< 0, then Q has a negative real root

and a pair of complex conjugate roots with a positive real part.

(3) If a+ b=0, then Q has at least one root with real part strictly positive.

(4) If b=0, then Q has at least one root with a positive real part.
Consequently, the equilibrium points E; and E; are unstable, which

nishes the proof. O

Remark 3.5. If a;b > 0and b? + ab 2 3,0; then the roots of the poly-
nomial Qare ;= (a+hb <0, ,3= 1 ab2 C: Then the polynomial
P has a negative root of multiplicity 2 and a pair of purely imaginary roots
of multiplicity 2. Therefore, the equilibrium points E, and E; of the lin-
earized system are unstable, meaning they are linearly unstable equilibrium
points of system (4). Linear instability often indicates the instability of the
corresponding equilibrium point in the full nonlinear system. Numerical sim-
ulations illustrate this instability, as shown in Figure 2.

The nal result concerning stability addresses the instability of the equi-
librium points belonging to the family E:

Proposition 3.6. Leta=0;b2 RandM;N 2 R: If
1. b<O; or
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@)

(c)

(e)

(9)

Figure 2: The instability of the equilibrium point

(b)

(d)

()

(h)

E, inthe casea;b> 0,k + ab 2=0:

time series [(a)-(f)] and 3D projections [(g),(h)] of system (4) for a=1:7136 b=0:7967,

and initial conditions x1(0) =1:409; y1(0) =0:1; z:(0) =1:1; x2(0) =0:1; y2(0) =0 :1;

Z,(0)=0:1.
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2. b=0;N60; or

3. b=0;N=0;M< 1 0r

4. b>0;M =1; N60; or

5. b2(0;1)nfpﬁg; M < 1;or

6. b2 O;p% “M>1 N60:

then the equilibrium point Ey.n (0; 0;M; 0;0;N) 2 E of system (4) is unsta-
ble.

Proof. We need to prove that the Jacobian matrix J (Eu.n ) of system (4) at
the point Emn  has at least one eigenvalue with positive real part.

We have

2 3

0 1 0 O 0 0

1 M boOo N 0 0

0 00 o0 0 0
J(Bun ) = 0 00 o0 1 0%

N 0 01 M bo

0 00 o0 0 0

and the characteristic polynomial:
P()= 2(*+2b3%+@2(M 1)+ ) 2+2bM 1) +(M 1)>+ N?):

Thus, ; = , = 0 and the other eigenvalues are given by the equation
R( )=0; where

R()= *+2b3+(PP+2(M 1) 2+2bM 1) +(M 1)>+ NZ2 (9)
First, we considerb= 0: Then the polynomial R writes
R()=[ ?+(M 1)P+N=

If N =0and M < 1; then a root will be P 1 M; and conclusion follows. If
N 6 0; then R has no real roots. Moreover, = i!;! 6 0 cannot be a root
of R. Thus, the roots of R are two pairs of complex conjugate roots, which
are not pure. Because their sum is zero, it follows that a pair of complex
conjugate roots has positive real part, as required.

Now, let b6 0: Using (9), we denote

1:2b; 2:b2+2(M 1), 3:2uM 1), 4:(M 1)2+ NZ:

According to the Routh-Hurwitz criterion (see, e.g., [1]), the number of roots
of R with positive real part is the number of sign changes of the sequence

q=1 = 1= L2 3 g=_L2° 5

1 12 3
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In our case, the above Routh-Hurwitz sequence becomes

2H(R(M 1) N2)

— 2 2.
BFrM 1 e =(M 1)°+N=:

w=1;=2b,g=KF+M 1, q=

Therefore, if there is an elementq;i 2 f 2;3;4g less than zero, then the
conclusion follows.
If b<O;then g < 0: p
Letb>0ForM< 1ifb< 1 M;theng <0 Ifb>" 1 M; then

u<O0ForM> 1 ifN60O0and b < p%; then g, < O: Finally, for
M =1;if N 60; then g4 < 0; which nishes the proof. O

p

Remark 3.7. Because the equilibrium pointEy.y ; discussed in Proposi-
tion 3.6, is non-hyperbolic, our analytical results are limited to certain cases
of instability. Nonetheless, numerical simulations provide evidence of the
instability of Ey.y in other cases (see Figures 3,4,5,6,7,8).

We end this section with some remarks on the bifurcations of the system
under consideration. First, note that the equilibrium point O exists for all
real values ofa and b. Now, let us x b: For a < 0O; there are two additional
equilibria that collide at the point E;.0(0;0;1;0;0;0) 2 E and disappear
when a = 0; giving rise to a family of equilibria E: For a > 0; this family
vanishes, and two new equilibria bifurcate from the pointE.q: This behavior
is reminiscent of saddle-node and transcritical bifurcations. Moreover, a zero
eigenvalue with multiplicity 2 appears when a passes through the critical
value a = 0: This means that a = 0 acts as a bifurcation curve in the (a; b)-
parameter plane.

On the other hand, when the pair (a; b) crosses the curve

Hp=f(;2R*jI»+ab 2=0;a> 0;b> Og;

each of the equilibrium points E, and E_ changes its stability and a pair of
purely imaginary eigenvalues of multiplicity 2 emerges (see Proposition 3.4
and Remark 3.5). Moreover, the transversality condition, required for the
application of the Hopf bifurcation theorem (see, e.qg., [6]), is satis ed in our
case. Indeed, using Implicit Function Theorem for the equationF(a; )=0
with the solution (a.; ¢); whereF(a; )= 3+ (a+b) 2+ ab +2a (8),

:bez; c:ipW;weget
d B 2+ b +2 _ d PR ) _
@@ 37iga+p v @™ T2 w2z 8°

This behavior suggests thatH, may serve as a Hopf bifurcation curve.
However, according to [4], a standard Hopf bifurcation occurs when the sys-
tem has, at the critical parameter value, an equilibrium with a simple pair of
purely imaginary eigenvalues and no other eigenvalues with zero real part. In
addition, a Hopf{Hopf bifurcation requires an equilibrium with two distinct
pairs of purely imaginary eigenvalues, which is not the case here.



34 Cristiana CAPLESCU, Jinyoung CHO, Cristian L AZUREANU

@) (b)
(© (d)
(e) ()
(9) (h)

Figure 3: The instability of the equilibrium point Ewmn inthe casea=0;b=0;M =1;
N =0: time series [(a)-(f)] and 3D projections [(g),(h)] of system (4) with initial
conditions x1(0) =0:01; y1(0) =0:01; z;(0) =1 ; x»(0) =0:000%; y,(0) =0 ; z(0) = 0.
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() (b)

(c) (d)

(€) (f)
@) (h)

Figure 4: The instability of the equilibrium point Emn inthe casea=0;b=0; M > 1;
N = 0: time series [(a)-(f)] and 3D projections [(g),(h)] of system (4) for M =4; and initial
conditions x1(0) =0:01; y1(0) =0:01; z:(0) =4 ; x2(0) =0:000%; y»(0) =0; z2(0) = 0.
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@) (b)

(©) (d)

(e) ()
(9) (h)

Figure 5: The instability of the equilibrium point Ewmn inthe casea=0;b>0;M =1;
N = 0: time series [(a)-(f)] and 3D projections [(g),(h)] of system (4) for b=0:025 and
initial conditions x;(0) = 0:01; y1(0) =0:01; z;(0) =1 ; x2(0) =0:001; y»(0) =0 :001;
Z,(0) = 0:001.
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(@) (b)

(© (d)

(e) ()
(9) (h)

Figure 6: The instability of the equilibrium point Ewm.n inthe casea=0; b= P 1 M;

M< 1;,N 2 R: tirr&eiseries [(a)-(f)] and 3D projections [(g),(h)] of system (4) for
M= 1;N =1:6;b= " 2; and initial conditions x:(0) = 0:00%1; y1(0) =0:001; z;(0) = 1,
x2(0) = 0:001; y»(0) =0:001; z,(0) =1 :6.
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