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ON THE DYNAMICS OF A DEFORMED VERSION
OF THE SHIMIZU-MORIOKA SYSTEM

Cristian LAZUREANU, Jinyoung CHO

Abstract

In this paper, we construct a family of integrable deformations of the Shimizu-
Morioka chaotic model. We discuss the stability of a particular deformed system
which belongs to this family and we emphasize its chaotic behavior. We also
perform some numerical simulations in order to show the transition to chaos
and the deformation of the chaotic attractor.®

1 Introduction

The real life phenomena are often modeled by systems of first order differential
equations. Particularly, phenomena with chaotic behavior are widely investigated

(see, e.g., [1, 3, 28, 31]) and many chaotic systems were introduced and discussed (see,
e.g., [2, 4, 35, 36, 37, 40]). In 1963, Lorenz reported the first chaotic system, so called
the Lorenz model [27]. In 1980, Shimizu and Morioka introduced a more tractable
model which displays similar dynamics as the Lorenz system [34]. A simplified form
of the Shimizu-Morioka system is given by

8 .

<i=y

Y=z Xy =z, (1)

T i= az+a?
where a, A 2 R.

System (1) has been investigated from the dynamical point of view, see for

instance a partial list of references: chaotic behavior [33, 11], control of chaos [30, 6],
bifurcations [38, 20], integrability [11], Jacobi stability [39].

IMSC(2010): 37D45, 70H05
Keywords and phrases: Hamilton-Poisson systems, integrable deformation, stability, chaotic sys-
tems.
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Recently, integrable deformations of some Hamilton-Poisson systems were dis-

cussed (see, e.g., [7, 10, 14, 15, 18, 21, 22, 23, 24]). Moreover, the integrable de-
formations method for a three-dimensional system of di erential equations [16] was
applied to some dissipative systems [17, 19, 20]. In this paper, we will apply the

above-mentioned method to system (1).

The paper is organized as follows. In Section 2, we construct some integrable
deformations of system (1). Then we consider a particular deformation which has
the same divergence as the initial system and the same axis of symmetry. In Section
3, we discuss the stability of the new system. More precisely, we get the equilib-
rium points taking into account the variation of the parameters. Then, we study
the stability of the isolated hyperbolic equilibrium points by using the rst Lya-
punov's stability criterion [25] and Routh-Hurwitz theorem [8]. Also, we establish
the stability of the isolated non-hyperbolic equilibrium points by computing the rst
Lyapunov coe cient (see, e.g., [13]). In Sections 4 and 5, we perform some numerical
simulations and point out the chaotic behavior of the considered deformed system.

2 Integrable Deformations of the Shimizu-Morioka sys-
tem

In this section, we construct some deformation of the Shimizu-Morioka system. De-
formations of the system are obtained by using the integrable deformations method
for three dimensional systems of di erential equations [16].
System (1) writes

x = £(x);

wherex = (x;y;z) 2 R®andf(x)=(y;x y xz; az+ x?): We choose the vector
elds g(x) and h(x) such that f(x) = g(x)+ h(x) and the systemx = g(x) has two
functionally independent constants of motionH = H(x) and C = C(x), that is

rH r C860,H=C=0:

We have
gx)=(y;x0); h(x)=(; y xz; az+ x?):

The systemx = g(x), that is 8
<

THT!
O % «

IN <X

has the constants of the motion

H(x;y;z2)=z; C(xy;z)= %xz
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It is easy to see thatg(x) = r H r C. Hence an integrable deformation of system
(1) is given by [16]

xX=rH r C+h(x); (2
whereH =H+ ; C=C+ and , are arbitrary di erentiable functions on R3.
Therefore, we obtain the following result.

Proposition 2.1. Let , be arbitrary dierentiable functions on R3. Then a
family of integrable deformations of system(1) is given by
8
< X=Yy ytyY zt y 2 zy
y=X 'y XzZ+ x+X g x zT z x 3
z= az+x® Yy x Xyt xy yx
f
wherea; 2 Randfy = @
@x
Particular families of integrable deformations are obtained by choosing the de-
formation function =0, that is (3) becomes
8
< X=Yy y
Y=X Yy XZ+
2= az+x? yyx Xy

Also, if =0, then we obtain

8
< X=Yyty .
Y=X Yy XZ+X g
z= az+ x> y x Xy
We consider the deformation functions = gzz and =0. System (3) becomes
< x=Yy(l+ g2
y=x y+(g I)xz ;a; ;g 2R (4)
z= az+ x?

The rst dynamical properties of the above system are given by the next two remarks.

Remark 2.2. Notice that system (4) has the same divergence as the initial system
(1), namely
r f= (a+ ):

Therefore, if a+ > 0; then both systems are dissipative. A dissipative system
has "a state space volume that decreases on average along the trajectory so that the
orbit approaches an attractor of measure zero in the state space" [36]. In the case
of three-dimensional dissipative dynamical systems, these attractors are stable foci,
limit cycles, attracting 2-tori, or strange chaotic attractors (see, e.g., [12]).
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Remark 2.3. Shimizu-Morioka system (1) is invariant under the transformation
(x;y;2) ' ( x; y;2), thus the z-axis is its axis of symmetry. System(4) has the
same property. Therefore, a symmetrical orbit or a pair of symmetrical orbits corre-
sponding to symmetrical initial conditions appear in the dynamics of these systems.
In addition, the number of the equilibrium points is odd.

Figure 1: A pair of symmetric stable foci attractors E, and E;, for a = 0:34, = 0:77,
g = 2:34, with initial conditions xo = X(E; ) 0:01,y0=y(E;) 0:01,2z = z(E, )+0:01 (blue)
and xo = X(E; )+0:01,yo = y(E; )+0:01, 20 = z(E; ) + 0:01 (red) respectively.

Figure 2: A pair of symmetric limit cycles around E, and El+ ,fora=0:34, =0:77,g= 1:34,
with initial conditions Xo = X(E;) 0:01,yo = y(E;) 0101, zo = z(E,; )+ 0:01 (blue) and
Xo = X(E;)+0:01,y0 = y(E;)+0:01, zo = z(E; ) +0:01 (red) respectively.

System (1) displays some types of the above-mentioned attractors. In Figures
1 and 2 are presented pairs of symmetric stable foci and symmetric stable limit
cycles respectively. Also, a symmetric limit cycle is shown in Fig. 3, and a chaotic
attractor is plotted in Fig. 9.

In the sequel, we will study the stability of the chaotic behavior of system (4).
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Figure 3: A symmetric limit cycle around E; and E;, for a=0:8, =1, g=0:14, with initial
conditions xo =0:01, yo =0:01, zo = 0:01.

3 Stability

In this section, the equilibrium points of the system (4) are identi ed, and the
stability of these equilibrium points is analyzed.

An equilibrium point of the system x = f(x) is a stationary point of the system,
that is that solution which ful lls the condition

(x(t); y(t);z(t)) = (0;0;0); 8t 2 R:
Then the equilibrium points of the system (4) are the solutions of the system

8

< y(1l+g2=0
X y+(g 1xz=0 : (5)
az+ x2=0

By solving system (5), we obtain the following equilibrium points of system (4).

Proposition 3.1. Leta; ; g 2 R.

1.fa60, 60, 9g620D;1g, 1 a 3 < 0, Z > 0; then the equilibrium point is
0(0; 0; 0).
2. faé0, 60, g620D;1g, 1 a g > 0, g > 0; then the equilibrium points are
r
a 1
0O(0;0;0) and E; 1 ;0; 1—9
3.1fa6é0, 60,9g620D;1g, 1 a gr< 0, Z < 0; then the equilibrium points are
r— _
0(0;0;0) and E, a 1 a1
g g9 g 9
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a

4.1fa60, 60,9620;1g, 1

0(0;0;0), E; ; and E, :

> 0, Z < 0, then the equilibrium points are

5. 1fa>0, 60, g=1; then the equilibrium point is O(0; 0; 0).
6. Ifa<0, 60, g=1; then the equilibrium points are O(0;0;0) and E,, .
7. 1fa>0, 60, g=0; then the equilibrium points are O(0;0;0) and E; .
8. Ifa< 0, 60, g=0; then the equilibrium point is O(0; 0; 0):
9.1f a60, =0;g=1, then the equilibrium point is O(0; 0; 0).
10. f a60, =0,961; 1 a g < 0, then the equilibrium point is O(0; 0; 0).
a

11. Ifa60, =0,9061,;
and E; :

1 g > 0, then the equilibrium points are O(0; 0; 0)
12. Ifa=0, =0, g=0, then the equilibrium points areEM (0;0;M); M 2 R.
13. If a = 0, = 0, g 6 0, then the equilibrium points are EM (0;0;M) and

EN ON; ; - M:N 2 R.

14. If a=0, 60, then the equilibrium points areEM O;0;M), M 2 R.

In the following we study the stability of the isolated equilibrium points obtained
above. We begin with the stability of O(0; 0; 0).

Proposition 3.2. For every a; ;g 2 R the equilibrium point O(0; 0; 0) is unstable.

Proof. The jacobian matrix of system (4) at O(0; 0;0) is

0 1
0O 1 o
J(0;0;0)= @ 0A:
0O O a
The characteristic polynomial is
P()= ( +a) %+ 1)
with eigenvalues
_ _ P— +4 : + P~ +4
1= a 2= T - S

We observe that 3 > O for all a; ;g 2 R. Therefore O(0;0;0) is an unstable
equilibrium point. O
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In the next result we present the stability of the equilibrium points E, .
a I .
6 0, g6 0, — < 0, then the equilibrium points

Proposition 3.3. If a6 0,
"2 1" a
E, -, — —, — areunstable.
g g g
Proof. The jacobian matrix of system (4) at E, and E; is
0 r— 1
1
0 0 - 8
g
" —a
J(E,) = =~ @9 =
g
" —a
2 - 0 a
g
The characteristic polynomial for both equilibrium points is
2
P()= (+) Z+a +2
g
with eigenvalues
r— r—
1 , 8a 1 , 8a
- a a¢? — ; 3= - a+ a —
g 2 g

1= 5 2= 2
1. If < 0,then 1> 0. Thus, the equilibrium points E, are unstable.
2. If > 0,then 1< 0and 232 R. Weobservethat 3> Oforalla; ;g 2R .

Therefore, E, are unstable equilibrium points, as required.
O

In the last theorem we discuss the stability of the equilibrium points E; :

Theorem 3.4. Leta60, 2R,g60, 1ag>0.
. . 2 2 ) _ .
I a+ > 0, a +a 1 & > 0 ; then the equilibrium pointsE; are
asymptotically stable.
N 2 . .
(i)f a>0, > 0 2+a 1 g =0; 11(0) < 0 ; then the equilibrium points

E, are weak asymptotically stable.
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(i) If (a+ O)or(a< 0)or a>0;, > 0; ?+a

2
1

<0 or (a>
1 (

=0; [1(0) > 0 ; then the equilib-

00 =0)or a>0;, > 0, ?+a
rium points E; are unstable.
The rst Lyapunov coe cient 11(0) is given by (9).

Proof. The jacobian matrix of system (4) at E; and E; is

0 . 1 1
19
J(E,) = 0 a(l 9)
" —
2 T g 0
with the characteristic equation
2a
3 2 —-N-
+(a+ ) “+a +1 g—O. (6)

2 2
We denotea; = a+ ,a=a ,az= lag’ whenceaja;, az=a 2+ a 1 g
By hypothesis, az > 0: Using the Routh-Hurwitz theorem (see, e.g., [8]), we obtain

following results:

2 - :
1. Ifa+ > Oanda ?+a T g > 0, then the characteristic equation

(6) has all roots with negative real part. It follows that E; are asymptotically
stable equilibrium points.

Hence, () is proved.

2. Ifa+ < 0Oora < 0, then the characteristic equation (6) has at least one
root with real part strictly positive. Therefore, the equilibrium points E; are
unstable.

2 .
3.Ifa+ > 0,a > 0,anda ?2+a T g < 0, then the characteristic
equation (6) has a negative real root and a pair of complex conjugate roots
with a positive real part. Thus, the equilibrium points E; are unstable.

4. If a+ =0, then the characteristic equation (6) has at least one root with real
part strictly positive. It follows that the equilibrium points E; are unstable.
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5. I1f a> 0and = 0, then the characteristic equation (6) has at least one
root with a positive real part. Consequently, the equilibrium points E; are
unstable.

Hence, the statement (ii ) is proved, less the last condition.
Now, leta2 R ; ;g 2 R be such that

2
at > 0;a>0a 2+a -—— =0
19
2 - .
Thena>0; > Oandg=1 @+ ) Moreover, the characteristic equation (6)
has the eigenvalues 1 = (a+ ), 23= i a .

In this case, there exist a negative real eigenvalue and a pair of purely imaginary
eigenvalues. Therefore, the stability ofE; is analyzed by applying the procedures
proposed by Kuznetsov [13].

First, we translate the equilibrium point E; into origin. Under the transforma-

tion 8 r
=X I
y=Y ;
.
: =Z+
z 1 g
system (4) becomes
8 1
X=Y gZ+
p___
Y= Y + al 9Z+(g 1XZ : (7)
r—
% _ 2 a
T Z= aZ+ X 2 —X
19
T@geigenvectors corresponding to eigenvalues; = (a+ ), 2= ip;, 3=
i a are:
r !
2 2a(a+
vi= 1, —; @ ) ;
2 a p "
_ 4.4 a P P .
V2 - 11 a+ ] ( a+ | ) a+ ]
s ' a S
va= 1,2 & (pé i)

at at
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We de ne the vectors

2a
T - Re(V3)— 11 01 a+ y
2 "3 2 |
W=im(vs)= 0 a.

0 1
2 0 1
" 2
2 = =

5 - 0 2 ;
r __
2P 2 a

where we denote =

a+
Considering the transformation

51

that is

r _
— 2
Z = Zpau 2V + — EW

we get the normal form of system (7), namely

8U
3 U
-

= Pavs F1(u;v;w)

v="au + Fa(u;v;w) ; (8)
w= (a+ )w+ Fz(u;v;w)
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where
r
4 ( %) a 4( 2) 3
v — 3
Fi(u;v;w)= A u —— 7V 3 +7 w
I g
— —(2u+w)
ro_
23 2
Fa(u;viw) = A —+ 2 gu+—a(2 )y
ro_
3 2 2
+ 7_,_?_'_ ( 5 ) EW f(2u+w)2;
ro_
2 5 2 2 3 2
Fa(u;viw)= A 2 3u Lz) Iev Lz) S w o+
r_
2 E(2u+w)2:
4 L P 2" a
We have denoted = — +a 3 ,andA= 2 au 2v + = Zw.

By applying procedures and formulas proposed by Hassard [9], the aforemen-
tioned coe cients are given by:

@ @ . @ @

— 1 .
O11 = 2 @@IF + @Fl"' I @FZ"‘ @FZ ;

1 @ C @ G @ @ .
%277 @& ! @' ‘euev’ ' @8’ @’ ‘eud’
1 6. @ é_ . 6. @ @
®=7 @d ' @ Ceuev’ @i’ @i’ ‘@uev
1 @ @ 1 @ @ NG _

hi1 = 2 @% @§F3 ; hoo = 2 @é @'ﬁ 2|7@U@F\; ;
h
W11 = £;W20: .&;
1 2 o 1
1 @ @ @ @]
Cu=3 Guaw’ avew’' auew avew
1 @ a@ a@ @ _
Con= 3 Guaw avew'' auew’ avew
1 @ @ @ @
°2"5 @8 '  @uav'’ @aav’’ @9 °
+ i @ 7@ Fo 7@ F1 @Fl ;

@ﬁ @ @v’: @iav' v

Q1 = Go1 +2G1owWi1 + Go1Woo:
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where o=1Im( 3).
The rst Lyapunov coe cient for E; is given by

1 ) p—
11(0) = TRG ig20011+ Qo1 & 9
a
where
P 20 2
Q1= — A pf' +3)+i(2a6 3at 2a? 2 ;

2'05?1(2614 2a 2 22?2 42+43)
o2 = — P—=

i2a6 at? “43+4a4 2a°? +2 .

Pagat 222 +42 7)
O20 = — pP—=

2a® a%2+ 43 4a%+6a? +2

2 2pafl(a6 at+ 2 1)

hi1 = p—= ,
42 4 22 4 2
ho=p= 22 a@® a* 2 1)+ 2 (a p ) :
2
= _h
W11 > M
21 i 2 &)
W20= — 0 g 0y h2o;
B aa 4 2% 2a?2 +5 22442 4)
G = pr
. (a43+ 4 4 4a4 +4a22+8a2 82 12a +12 2)
i >3 ,
Pa(43+2a4 24 2a2 + 22 4244)
Go1 = SP=
. (@*® 4% 4a% +4a?? 8a2+8 2 +4a 47
i 53 ;
G21=0;

Q1 = 2G1oW11 + GoiWoo:
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By using the same arguments and procedures as before, the stability & is
analyzed. By the substitution

8 a
§X2X+1g

y

1

z=27Z+
1 g

system (4) becomes (7). Therefore, we get the same rst Lyapunov coe cient.
Taking into account the sign of 11(0), we obtain (ii) and the last assertion of
(iii ), which nishes the proof. O]

4 Chaotic behavior

In this section, computer simulations point out the chaotic behavior of the system
(4). In addition, evolutions of the largest Lyapunov exponent and the Kaplan - York
dimension of the system (4) are analyzed.

Following [42], recall that the signs of the Lyapunov exponents give a qualitative
picture of the dynamics of a system. The sum of the three Lyapunov exponents of
a three-dimensional continuous dissipative dynamical system is negative, and conse-
guently at least one Lyapunov exponent is negative. A positive Lyapunov exponent
of a bounded attractor indicates the exponential expansion of the trajectory, hence
"the system experiences repeated stretching and folding", which leads to a strange
attractor.

The Lyapunov exponents 1; »; 3 constitute the Lyapunov exponent spectrum,
and their signs form the symbolic Lyapunov spectrum. For example, if 1 > 0; »=
0; 3< 0, then the corresponding element of the symbolic Lyapunov spectrum is the
triple (+ ;0; ):"In a three-dimensional continuous dissipative dynamical system the
only possible spectra, and the attractors they describe, are as follows: (#0; ), a
strange attractor; (0;0; ), a two-torus; (0; ; ), alimit cycle; and ( ; ; ); a
xed point." [42]

In the sequel, we explore the variation of the largest Lyapunov exponent.

Consider the parametersa and xed, namely a=0:45, =0:75. Using E&F
Chaos program [5], in Figure 4, the variation of the largest Lyapunov exponent with
respect to parameterg is presented. We can also see that the maximum value for
the largest Lyapunov exponent is obtained forg = 0:92.

Now, we set the parameters =0:75 andg = 0:92. In Figure 5, the variation of
the largest Lyapunov exponent with respect to parameter is shown. In this case,
the maximum value for the largest Lyapunov exponent is obtained fora = 0:34.
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Figure 4. The variation of the largest Lyapunov exponent with respect to the parameter g
(a=0:45, =0:75,%x0=0:01,y0=0:01, zo0 =0:01).

Figure 5: The variation of the largest Lyapunov exponent with respect to the parameter a
( =0:75,9g=0:92,%x0 =0:01, yo =0:01, zo = 0:01).

Figure 6: The variation of the largest Lyapunov exponent with respect to the parameter
(a=0:45,9g=0:92,x0 =0:01, yo =0:01, zo = 0:01).
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Finally, in Figure 6, for a = 0:45 and g = 0:92, the variation of the largest
Lyapunov exponent with respect to parameter is presented. In the last simulation,
the maximum value for the largest Lyapunov exponent is obtained for =0:77.

In the following we compare some chaotic indicators of the Shimizu-Morioka
system and its deformation (4).

Recall that Shimizu-Morioka system (1) is chaotic fora = 0:45;, = 0:75 (see,
e.g., [33]). The corresponding attractor is drawn in Fig. 15(a).

Using "LCE package for Mathematica" [32], settinga=0:45, =0:75andg=0
in system (4) with the initial conditions Xg = 0:01, yg = 0:01, zg = 0:01, the largest
Lyapunov exponent is 1 = 0:0637008. In addition, the other Lyapunov exponents
are o' 0, 3= 1:264.

Setting a=0:34, =0:77 andg=0:92 in system (4) with the initial conditions
Xo = 0:01, yo = 0:01, z5 = 0:01, the largest Lyapunov exponent is 1 = 0:407006.
The other Lyapunov exponents are ' 0, 3= 1:51811.

The Lyapunov dimension or Kaplan{Yorke dimension of a chaotic attractor of a
three-dimensional system is
1t 2,

e
Therefore D = 2:05064 fora = 0:45, = 0:75,g =0 and D_ = 2:26883 for
a=0:34, =0:77,9g=0:92

In Figure 7, the convergence plot of the Lyapunov spectrum for system (4) is
presented.

Using Matlab R2023a, the time series (Fig. 8), the trajectory of the system (4)
fora=0:34, =0:77,g = 0:92 (Fig. 9) and its projections on the coordinates
planes (Fig. 10) are shown.

D=2+

Figure 7: Convergence plot of the Lyapunov spectrum for system (4) (a=0:34, =0:77,9=0:92,
Xo =0:01,yo =0:01, zo = 0:01).
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Figure 8: The time series of a chaotic attractor of system (4) for a=0:34, =0:77,g = 0:92,
with the initial conditions xo =0:01, yo =0:01, zo = 0:01.

Figure 9: A chaotic attractor of system (4) for a = 0:34, = 0:77, g = 0:92, with the initial
conditions xo =0:01, yo =0:01, zo = 0:01.

5 Numerical simulations

In this section, using Matlab R2023a, we give some numerical simulations of the
trajectory of system (4) (see Figures 11-16).
We start with a route of chaos of the considered system in the casa = 0:8,
=0:934, andg varying between 0:8 and 09. An asymptotically stable attractor
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(a) projection on the x-y plane

(b) projection on the x-z plane

(c) projection on the y-z plane

Figure 10: The projections of the chaotic attractor of system (4) on the coordinates planes
(a=0:34, =0:77,9=0:92,x0 =0:01,yo =0:01, zo =0:01).
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(Fig. 11(a)) turns into a limit cycle (Fig. 11(b)), which is stable (Fig. 11(c)). This
limit cycle deforms into a homoclinic orbit (Fig. 11(d)). Because system (4) has a
rotational symmetry around Oz axis, there is in fact a pair of homoclinic orbits,
which give rise to a symmetric limit cycle (Fig. 11(e)), which is also stable (Fig.
11(f)). Note that these homaoclinic orbits (in the caseg = 0) were reported in [33].
The moment of the appearance of a strange attractor is shown in Fig. 12(b). The
evolution of this attractor is presented in Figures 12(c)-12(h).

(@ g= 038 (b) g= 0:2349
(c)g= 01 (dg=0
() g=0:1 (f) g=0:3

Figure 11: A deformation of system (4) (a=0:8, =0:934,x, =0:01, Yo =0:01, o = 0:01).
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(@ g=0:38 (b) g=0:383
(c) g=0:5 (d) g=0:7
(e) g=0:798 (f) g=0:799
(g) g=0:85 (h) g=0:9
Figure 12: The continuation of Fig. 11: A deformation of system (4) ( a = 0:8, = 0:934,

Xo =0:01,yo =0:01, zo = 0:01).
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Another transition between an asymptotically stable attractor and a strange
attractor is presented in Figures 13 and 14. We seta = 0:14, =2, and vary ¢
between 0 and 09: For g = 0 system (4) has an asymptotically stable attractor (E, ,
Fig. 13(a)) and beforeg = 4 it turns into another asymptotically stable attractor
(E], Fig. 13(b)). Finally, another strange attractor is point out (Fig. 14(h)).

In Fig. 15, we present the transition of the Shimizu-Morioka chaotic attractor
(Fig. 15(a)), which looks as the Lorenz attractor [27], to the new chaotic attractor
(4) (Fig. 15(e)), which looks as the Chen attractor [4].

(@ g=0 (b) g=0:4
(c) g=0:5 (d) g=0:5327
(e) g=0:56 (f) g=0:57

Figure 13: A deformation of system (4) (a=0:14, =2, xo =0:01, yo =0:01, zo = 0:01).
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(@) g=0:58 (b) g=0:59
) g=0:6 (d) g=0:65
() g=0:7 (f) g=0:75
(9) g=0:8 (h) g=0:9

Figure 14: The continuation of Fig. 13: A deformation of system (4) ( a=0:14, =2, xo =0:01,
yo =0:01, zo = 0:01).
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